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 Abstract: Two types of numerical experiments are made in the present study 
using artificial data of torsional oscillation eigenperiods together with those of the 
mass and the moment of inertia of an earth model constructed of Gutenberg-Bullen A 
model (hereafter called G.B.A model) and MM8 model, which are shear wave velocity-
density and attenuation models, respectively. The data of the mass and moment of 
inertia are used to constrain the density distribution in the inverse problem. The 
main objective of the first experiment is to investigate the effect of shear wave 
dispersion due to anelasticity of the earth's materials upon the radial variation of shear 
wave velocity inferred from eigenperiod data. Then it is attempted to compare 
two velocity models estimated from two sets of artificial  eigenperiod data with and 
without correction for the dispersion effect. The main focus in the second 
numerical experiment is to examine whether or not it is possible to estimate simultane-
ously attenuation structure as well as velocity-density structure only from torsional 
oscillation eigenperiods. 
   The conclusion of the first experiment is that the dispersion effect of shear wave 
gives us  an underestimate by a few percents for shear wave velocity in the upper 
mantle because of existence of the low Q zone in this region. We obtain in the 
second experiment the velocity-density-attenuation model which agrees well with the 
given artificial data, apparent Q of torsional oscillation  (QL), and travel time of shear 
wave calculated for  G.B.A and MM8 models, though the obtained earth model is not 
exactly identical with the original one. The obtained earth model is thus considered 
to be almost the same as G.B.A and  MM8 models. We conclude in the second 
experiment that it is possible to infer simultaneously attenuation structure as well as 
velocity-density structure only from eigenperiod data under the restriction of the 
mass and the moment of inertial on density distribution within the earth.
1. Introduction 
   The elastic structure within the earth has been exclusively inferred either from 
surface wave phase velocities and free oscillation eigenperiods of the earth or from 
travel times of body waves, which are informations involved in the phase of seismic 
waves. On the other hand, the anelastic structure has been estimated from apparent 
Q values for body waves, surface waves, and free oscillations, which correspond to 
informations involved in the seismic wave amplitudes. Recently, it has been pointed 
out by many investigators (e.g., Lomnitz; 1957, Futterman; 1962, Carpenter and 
Davies; 1966,  Jeffreys; 1965, 1967, and Strick; 1967) that some relation exists 
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between phase velocity and attenuation of body waves, and that this relation produces 
the shift in free oscillation eigenperiods and surface wave dispersion curves (Liu et  al.  ; 
1976, Randall; 1976, and Kanamori and Anderson; 1977). Furthermore, Hart et al. 
(1976, 1977) indicated that the dispersion of body waves causes a discrepancy 
between the earth's structures inferred from short period data and that from long 
period data. It has been shown by Oda (1979) (hereafter called paper I) that tor-
sional oscillation eigenperids provide important information concerning attenuation 
structure as well as velocity-density structure, by comparing the effect of shear wave 
dispersion due to anelasticity upon the torsional oscillation eigenperiods with the total 
effect of some properties of the earth such as rotation, ellipticity, and laterally hetero-
geneous structure. Hart et al. (1976, 1977) presented a velocity-density model by 
means of inversion of free oscillation eigenperiods with correction for the dispersion 
effect due to anelasticity under the assumption that the attenuation model was given. 
However, the attenuation model has not been well established in comparison with the 
velocity-density model. Lee and Solomon (1978, 1979) estimated a velocity-density 
structure with attenuation structure within the upper part of the mantle by simultaneous 
inversion of both the surface wave phase velocities and attenuations. They pointed 
out that the resolution in depth for attenuation structure is improved if both the 
surface wave attenuation and phase velocity data are simultaneously inverted into 
velocity-density-attenuation structure. Unfortunately, the torsional oscillation Q 
estimated so far has a large variance. Therefore, only eigenperiod data will be 
inverted in the present study to estimate the radial variations of elasticity and 
anelasticity within the earth. 
   In the present study, two different numerical experiments will be carried out 
using artificial eigenperiod data of torsional oscillation, which are computed by Eq. 
(3.4) in paper I for G.B.A model for velocity-density structure and MM8 model for 
attenuation structure by Anderson et al.  (1965). The purpose of the first experiment 
is to investigate the effect of shear wave dispersion upon shear wave velocity structure 
inferred from torsional oscillation eigenperiods. To do this, two velocity models 
inferred from two sets of artificial eigenperiod data with and without correction for 
the dispersion effect will be compared with each other. The objective of the second 
experiment is to examine whether or not it is possible to infer simultaneously velocity-
density-attenuation structure only from eigenperiod data. A velocity-density-
attenuation structure will be obtained by the simultaneous inversion of the artficial 
eigenperiod data computed for the combined earth model of G.B.A and MM8, and the 
examination will be made on the agreement of the obtained model with the original 
one used for the artificial data. In doing this, our most desired result for the second 
experiment is to obtain the velocity-density-attenuation model identical with the 
original one.
2. Data set and starting model. 
   The artificial data set used in the numerical experiment consists of torsional
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oscillation eigenperiods, the mass and the moment of inertia of an earth model con-
structed of G.B.A and MM8 models. The mass and the moment of inertia of the 
earth are used as the constraint of density structure in the inversion. The following 
procedure is adopted for the construction of the artificial data set. First, torsional 
oscillation eigenperiods are calculated for G.B.A model, which is velocity-density model 
defined originally at rather high frequency of 1 Hz. The calculated eigenperiods are 
listed in the second column of Table 1. Second, the torsional oscillation Q is calculated 
for G.B.A and MM8 models. The third column of Table 1 shows the value of the 
calculated torsional oscillation Q. The angular eigenfrequency  co° is calculated from 
Eq. (3.4) in paper I expressed as 
 co°  —toe(1 + 1 '  In  (2.1)  Q
L7r  2n- 
We being angular eigenfrequency for G.B.A model and QL torsional oscillation Q for MM8 
and G.B.A models, and is taken as the artificial data. The second term in the 
parenthesis of Eq. (2.1) represents the contribution from the dispersion of shear wave 
 Table 1. Artificial eigenperiod data based on an earth model constructed of G.B.A and MM8 
          models and eigenperiods computed for that of MQ2 and  EQ1 models. The second
           and sixth columns show eigenperiods computed for velocity-density models of G.B.A 
          and MQ2 model. QL in the third and seventh columns correspond to torsional 
          oscillation Q values for MM8 and G.B.A models and those for  E.Q1 and MQ2 models. 
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due to anelasticity. The observational errors less than  0.1% are assumed for the 
artificial data as listed in the fifth column of Table 1. 
   The resolution ability for structure of the data set used in inversion is largely 
dependent on choice of radial and angular modes of the oscillation. Der et al. (1970) 
and Der and Landisman (1972) indicated that the data set consisting of both 
fundamental and higher radial modes has higher resolution ability than that of 
fundamental modes alone. Therefore, we used data set consisting of 13 fundamental 
modes  (0T2, 0T4,  0T6,  0T8,  0T10,  0T14,  0T16,  0T29,  0T24,  0T29,  0T32, 0T40 and  0T46), of 12 first 
higher modes  (1T2,  1T4,  1T6,  1T8,  1T16,  1T24,  1T34,  1T40,  1T46,  1T50,  1T54 and  1T60), and of 2 
second higher modes (9L and 97' a) , as shown in the fourth column in Table 1. These2T2 2 8),  
modes correspond to eigenperiods from 110 sec to 2631 sec. 
   The mass M and the moment I of inertia are expressed as 
 M/R3 = 47r  f p(r)  r2  dr  ,
                                                    (2.2)
                         8   II  R537r f p(r) r4 dr , 
where R is the earth's radius. For G.B.A model, these values are given by 
                               =  23.35362  , 
                                                    (2.3)
 I/R5 =  7.720487  . 
Errors for the mass and the moment of inertia are assumed to be  0.01% and  0.05%, 
respectively. 
   The remaining task in this section is to constract the starting model for inversion. 
According to Jordan and Anderson (1974), the sought solution for inverse problem is 
largely dependent on the starting model because geophysical data such as free oscilla-
tion eigenperiods, phase velocities of surface waves, travel times of body waves, and so 
on are finite in number and non-linear functionals. Therefore, they pointed out that 
it is necessary to choose an appropriate starting model as close as possible to the 
actual earth's structure. The construction of the starting model is made as follows. 
The velocity-density model within the crust and core is taken to be the same as G.B.A 
model, and the thickness of the crust is assumed to be 38 km. The shear wave velocity 
up to the depth of 230 km is taken to be constant, say 4.5  km/sec, since it is interesting 
whether or not the low velocity zone existing in G.B.A model can be resolved by the 
simultaneous inversion of the artificial data into the radial variations of shear wave 
velocity, density, and Q for shear wave. The density distribution up to the same depth 
is assumed to be the form of  p(d)=8.29d+3.20, in which d denotes the depth 
normalized by the earth's radius of 6371 km. The depth range from 230 km to the 
core depth of 2898 km is devided into several depth intervals. In each depth interval, 
we adopted the velocity-density distribution expressed by a linear function of Ad+B, 
where A and B are constants.
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   As the starting model of Q for shear wave, the constant Q values of 450 and 750 are 
adopted for the depths ranging from 0 km to 1000 km and from 1000 km to the core 
depth of 2898 km, respectively. The reason for this is that it is one focus to check 
whether or not the low Q zone involved in MM8 model can be found out by simulta-
neous inversion of the eigenperiod data. The constructed starting models of shear 
wave velocity, density, and Q for shear wave are illustrated in Figs. 1 and 2 and also 
shown in Table 2. 
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 Fig. 1. Illustration of starting velocity-density model. Fig. 2. Illustration of starting 
                                                               attenuation model.
3. Inversion method 
   Deduction of radial variations of physical parameters within the earth from 
geophysical data results in the inverse problem. A variety of techniques have been 
applied to the geophysical inverse problem. One technique is Monte-Carlo method 
described by Keilis-Borok and Yanovskaja (1967). The method has the principal 
advantage that non-linear data functionals can be directly used without linearization. 
However, the Monta-Carlo technique involves severe limitations. For exmaple, even 
with the most advanced computing system, the inversion by the method is laborious and 
consumes too much time. The other powerful technique is linear estimation method 
proposed by Backus and Gilbert (1967, 1968, and 1970), Franklin (1970), and Jordan 
and Franklin (1971). This is an approach for iterative estimate of the difference 
between the sought solution and starting model, which is related to the change in the 
data functionals by a finite number of linear integral equation. We follow the 
method developed by Franklin (1970), and Jordan and Franklin (1971), and their 
methods are briefly reviewed in this section. 
   In the present study, the difference  4co between a torsional oscillation angular 
eigenfrequency calculated for starting model and a given artificial datum is expressed 
by
50 HITOSHI ODA
Table 2. Layer parameters of starting model.
Depth (km)
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 Au) =  [acolaV)  AV  +  (awlap)  zip]  72  dr (3.1) 
 a for the first numerical experiment, and 
 Act)  —  [(btoMV)  AV  +  (awlap)  zip+  (act)/DQ-1)  ifQ-1] y2 dr (3.1)' 
 a for the second numerical experiment. The radial range from a to b for integration 
corresponds to that for inversion. Partial differentials of angular eigenfrequency with 
respect to  V, p, and  Q-1 are given by Eq. (3. 10) in paper I, and  AV,  zip, and  412-1- are 
differences between the starting model and the sought solution. Furthermore, the
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changes in 
by
the mass M and the moment I of inertia due to  AV  Afi, and  ziQ-1 are given
 AM
a
 =1 [(ai ulay)  AV  +(aM  Mp)  zip] r2  dr  ,
(3.2)
 a
 Al =  f 
         a
 [(a  laY)  AV  --(aI  lap)  dp] 72  dr  ,
with
 (6MI6V  ,
 (ar  lay  i
,M16,o) = (0,  47r)  ,
 61-14) =  (0,  38  772)  , (3.3)
for the first numerical experiment, and
 6
 AM =1  [(aM  16V)  AV  +  OM  14)  Ap+  (6M16Q-1)  AQ-a]  1'2  dr  ,
 (3.2)  '
 h
 Al =  f 
 a
 [(aIMY)  AV  +  (a  I  lap)  Ap+  (al  laQ-1)  .6IQ-1] r2  dr  ,
with
 OM  laV  ,
 (6116V,
 dill/  ap,
 a  I  lap,
 aMlaQ-1) =





 772, o) (3.3)'
for the second numerical experiment. Our problem in the first experiment results in 
solving equation system made of Eq. (3.1) for several modes as well as Eq. (3.2) with 
respect to  AV and  zip, and in the second experiment, the equation system of Eq. (3.1)' 
and Eq. (3.2)' is solved with respect to  AV,  Ap, and  AQ-'  . Since the problems for the 
first and second numerical experiments are to estimate the radial variations of two 
or three geophysical parameters within the earth, for the purpose of the general 
discussions, the problem is treated as simultaneous inversion of geophyscal data into n 
parameter distributions within the earth. The earth model described by n parameters 
is called n-dimensional earth model, and therefore, the problems of the first and second 
experiments are treated as two and three dimensional earth models, respectively. 
   Let us consider the separable  Hilbert space H of all n-dimensional earth model 
 m(r), which is a single n-dimensional vector value function whose components are 
described by  (rni(r),  m2(t),.  ,  mn(r))) defined on the closed radial interval  [a,  b]. Then, 
inner product of two n-dimensional earth models  m1 and  M2 may be defined as 
 nb 
                    (m1, m2)r  E rnii(r)  rn2i(r) r2 dr (3.4) 
 a According to this expression, Eqs. (3.1), (3.1)', (3.2), and (3.2') for n-dimensional 
earth model may be generally rewritten as 
 AD  (G1,  dm)  , (3.5)
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where dm denotes the difference between starting model and sought solution.  zfDi is 
the change in the i-th datum  Di among N data due to dm and  Gi is n-dimensional 
partial differential of  Di with respect to m. Then we obtain  Gi in the form of 
 Gi  =  (6Dil&ni,6Dilam2,  •  •  •  ,6Dif3m„) 
A simultaneous equation system made of Eq. (3.5) for N data is expressed by 
 Adm  =  dD (3.6) 
with
 A=
 (G1,  -) 
 (G2,  -) 




     • 
     • 
 /MN
(3.7)
Eq. (3.6) means that the operator A maps a small perturbation dm from the starting 
model into a residual vector dD. Because the residual vector and the oparetor A are 
known, our problem is to seek for dm satisfying Eq.  (3.6). 
   According to Jordan and Franklin (1971), the best linear estimate dm of the 
perturbation dm is sought as result of application of some linear operator L to the 
residual vector dD. Then the relation between  dm— and dD is given by 
 diit  =  LdD (3.8) 
which reveals that the linear operator L maps the residual vector into the best linear 
estimate. If the linear operator can be known, then the best linear estimate is 
obtained from Eq. (3.8). Therefore, our problem is to determine the linear operator L 
subject to the constraints of Eq. (3.6). 
   Following Franklin (1970) and Jordan and Franklin (1971), Eq. (3.8) is regarded as 
a sample of the stochastic equation in the form of 
 Au,  ud , (3.9) 
where  us and  ud, which are called solution and data processes, are the stochastic 
processes corresponding to dm and dD. If data are not corrupted by observational 
errors, the best linear estimate  us of the solution process is given by Lud when the 
linear operator L is determined by means of minimization of the variance of random 
variables  (u„ h), where the error process  ue is defined as  ue=us-Lud, for all elements h in 
the Hilbert space H (see Franklin (1970) and Jordan and Franklin  (1971)  ). Because 
we assumed that the given data are corrupted by the observational error, permissible 
range of the best linear estimate due to the observational errors should be taken into 
consideration. To do this the noise process  un is introduced. On analogy of the 
role of the linear operator in Eq. (3.8), L is also considered to act as operator mapping 
the noise process into the permissible range  ±E of the best linear estimate. Therefore, 
we obtain the  following relation between  6 and  un in the form of 
 e  Lun (3.10) 
We would like to minimize simultaneously the variance  B  [(Lug, h)2] of random variables
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 (Lu,,, h) as well as  E[(u  „ h)2] of  (u,7 h). Our problem is eventually to seek the operator 
L which mimizes simultaneously both the variances of E  [(u„ h)2] and E  [(Lu,,,  h)2] for 
all elements h in the  Hilbert space. Then, the minimum problem may be written by 
                      E  [u,  h)  21 minimum, 
                                                   (3.11) 
                        E  [(Lu,,,  h)2]  -* minimum. 
Backus and Gilbert (1970) showed that the variances cannot be simultaneously 
minimized, but a linear combination of the variances can be minimized. Therefore, the 
minimun problem reduces to 
 aE  [(u e,  h)2]+  (1  —a) E  [Lu,,,  h)2]  -> minimum, (3.12) 
where a parameter  a is an arbitrary constant between 0 and 1. Based on the least 
square criterion and on the assumtion that the solution and noise processes are 
uncorrelated to each other, the stochastic inverse operator L is expressed as 
                  L  C  „A*  (AC  „A*  +  _c021,2  Con)-'  , (3.13) 
where  C„ and  C,,,, are autocorrelations of the solution and noise processes, and A* is 
the transpose of matrix A expresses by Eq. (3.7). Therefore, the best linear estimate 
 ffs is given by 
 'as  C  „A*  (AC  „A*  +(1_04)21a2  nto-1 (3.14) 
Assuming that the i-th and j-th components of n-dimensional earth model are 
uncorrelated, we obtain the autocorrelation  C„ of the solution process as the form of 
 C„  (C55(1),  C„(2),  •  •  •  ,  C„  (n)) , (3.15)
in which  C„(') is the autocorrelation operator for the i-th component and reduces to 
 pX  p matrix for  p layer earth model. We adopted  C„ derived by Jordan and 
Franklin (1971), who defined the autocorrelation as
 C  „(1  ro) =
where parameter k is mean wave  ni 
   For particular samples dm and 
is given by 
                din C „A*  (2 
which is the same solution derived 1 
by tan  0. It should be  noted that 
combination of the data. Once 
estimated by addition of  the  perturl 
(3.5) into Eq. (3.17), the averaging 
be the form of
   k sinh k (1-r)  sinh  ky,                        f
or r >  Y  0  , 
 rro sinh k 
                                  (3.16) 
   k sinh  k(1—r  0) sinh kr                         f
or  r  <  ro  ,
 TY  0sinh k 
 umber to smooth the obtained solution. 
anddD of the solution and data processes, the solution 
 (AC  „A*  + ( 1--a)2/a2  Cs.)-1 dD (3.17) 
by Jordan and Anderson (1974) replacing (1-a)2/a2 
 )tedthatthe solution given by Eq. (3.17) is some linear 
 the solution is obtained, then a new model is 
 Le t bation dinto the starting model. Substituting Eq. 
verauing kernel for obtained earth model is defined to
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                  A =  C  „A*  (AC  „A*  ±  (1  —a)2fa2  C„„)--1  A  , (3.18) 
which also is the same expression as that derived by Jordan and Anderson (1974). 
The relation among  dm,  A, and din is expressed by 
 dm  =  (A,  dm)  . (3.19) 
   The estimation of permissible range of the solution due to observational errors 
is made on the assumption that the noise process corresponding to the observational 
error is Gaussian random process. Then the autocorrelation matrix  C.„„ of the noise 
of the noise process reduces to the diagonal matrix whose elements are the variances 
of observed data. From Eq. (3.10), the variance for  dm— is expressed by 
 e2  =  LC  „„  L*  , (3.20) 
where L* is the transpose of operator  L. The square root of Eq. (3.20) is taken as the 
permissible range of the solution due to the observational errors. The calculation from 
(3.1) to Eq. (3.20) is repeatedly carried out as inversion process until RMS defined by 
                  RMS =  N1-2[(coi0—(4)/coi°] 2 
becomes small enough, where  w0 and  coc are the artificial and calculated values of 
angular eigenfrequency, and N-2 is the number of eigenperiod data except for the mass 
and the moment of inertia of the earth among N data.
4. The effect of physical dispersion upon velocity structure 
   The discussion is made on the effect of physical dispersion of shear wave due to 
anelasticity upon the radial variation of shear wave velocity within the earth. To do 
this it is attempted to compare two shear wave velocity models inferred from two sets 
of artificial torsional eigenperiod data with and without correction for the dispersion 
effect. Let two inverse problems for uncorrected data and corrected data be Inverse I 
and Inverse II, respectively. Because we adopted MM8 model in the correction for 
the dispersion effect according to Eq. (2.1), the data used in Inverse II are eigenperiods 
shown in the second column of Table 1, and those for Inverse I are tabulated in the 
fourth column. In both the inverse problems, the mass and the moment of inertia of 
the earth given by Eq. (2.3) as well as the eigenperiod data are inverted into velocity-
density structure. Therefore, the integral equation system to be solved is given by Eqs. 
(3.1) and (3.2), the parameter n defined in the previous section being the value of 2. The 
starting velocity-density model and inversion method in both the inversions are 
prepared in section 2 and 3. The mean wave number for autocorrelation operator  C„ 
is taken to be 20 and 13 for shear wave velocity and density structures, respectively. 
A parameter  (1--ce)2/cx2 appearing in Eq. (3.17) is assumed to be the value of 9. The 
inversion into velocity-density structure is performed in the depth range from crust-
mantle boundary of 38 km to mantle-core boundary of 2898 km because excitations 
of torsional modes vanish within the core of the earth.
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   A velocity-density model estimated by Inverse I, which is inversion of uncorrected 
eigenperiod data, is shown in Table 3 and also illustrated by broken line in Fig. 3. This 
model is designated as model  ME1 in this paper. Model  ME1 yields fit to the given 
artificial uncorrected data with RMS of 0.01%. It is interesting that the low velocity 
zone is clearly found in the upper mantle though the starting model has not the zone. 
The value of the lowest velocity is 4.21  km/sec at the depth of 210 km. The other 
velocity-density model obtained by Inverse II, which is inversion of corrected 
eigenperiod data, is also listed in Table 3 and shown by solid line in Fig. 3. This 
model named  MQ1 fits the corrected data with RMS of 0.02%. This model has also the 
low velocity zone within the depth range from 65 km to 270 km. Because the 
correction for the dispersion effect is made using MM8 model, MQ1 model is to agree 
with G.B.A model. 
   It is seen in Fig. 3 that both models of MQ1 and  ME1 have the low velocity zone, 
though the starting velocity-density model common to both estimations has not the 
zone. The careful examination of the figure reveals that the low velocity zone is more 
clearly found within the depth range from 150km to 270 km in model  ME1 than in 
model MQ1, and that the velocity gradient of  ME1 in this region is greater than that of 
 MQ1 model. Furthermore, the lowest velocity in this region of  MQ1 is estimated to 
be larger by 4% than that of  ME1 model. The depth interval, where the low velocity 
zone is clearly found, corresponds to that of the low Q zone of  MM8 model used for 
the dispersion correction. Therefore, the underestimate of velocity in the low velocity 
zone is considered to come from the significant dispersion effect due to the low Q zone of 
MM8 model. On the other hand, it is reasonably expected that the underestimate of 
velocity within the middle and lower mantle is not so large because attenuation in these 
regions is not so significant. In fact, both models of  MEI and  MQ1 are consistent in 
the middle and lower mantle to each other because the absolute difference between two 
models is almost less than 0.1  km/sec at depths deeper than 270 km. 
   A comparison is made for the travel times of shear wave predicted for  ME1 and 
MQ1 models. Fig. 4 and Table 4 show residuals of the travel times from surface focus 
at various epicentral distances for  ME1 and MQ1 models from that for G.B.A models. 
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3.  MQ  1 and  ME1 models, which are illustrated by solid and broken lines, respectively.
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Table 3. Layer parameters of  MQ1 and  ME1 models.
Depth (km)
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respectively. As seen in this figure, the travel times calculated for  ME1 model, which 
is inferred from uncorrected data set, has the baseline shift of 5.49 sec relative to that 
for G.B.A model, while that for MQ1 model, which is estimated from corrected data 
set, is almost the same as that for G.B.A model. This suggests that velocity model of 
MQ1 is almost identical with that of G.B.A model. The baseline shift is considered 
to be due to the underestimate of velocity in the low velocity zone, which arises from 
the dispersion effect of the low Q zone. Therefore, it is concluded in the first numerical 
experiment that the dispersion effect of body wave due to anelasticity gives us the 
underestimate of a few percents for velocity in the upper mantle.
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Fig. 4. Residuals of  travel times of shear 
wave for  MQ1,  ME1, and MQ2 models from 
that for G.B.A models versus epicentral 
distance from surface focus. Solid square, 
solid and open circles correspond to the 
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Table 4. Travel times of shear wave for G.B.A,  MQ1,  ME1, and MQ2 models versus epicentral 
   distance from surface focus.  Diff.,,  Diff.2, and Diff3 are residuals of the travel times 
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5. Simultaneous inversion of torsional oscillation eigenperiods 
   In the previous section, it has been shown that the inversion of eigenperiod 
data without correction for the dispersion effect produces the underestimate of shear 
wave velocity in the upper mantle because of existence of the low Q zone, and therefore, 
it is necessary to correct the free oscillation eigenperiods for the dispersion effect in 
order to estimate accurately the velocity-density structure within the earth. For the 
purpose of the correction, we require either accurate free oscillation Q or realistic 
attenuation model within the earth. Unfortunately, Q values of torsional oscillation 
estimated so far are scattered too much, and attenuation model has not yet established 
so well as compared with velocity-density model. Therefore, the attenuation structure 
is treated as an unknown function of earth's radius in order to estimate velocity-
density structrue from eigenperiod data with a considerable accuracy. Then, the 
inversion of uncorrected data is made with respect to attenuation structure as well as 
velocity-density structure. The equation system to be solved in this section is given
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by Eqs. (3.1)' and (3.2)'. Therefore, our problem is treated as three dimensional 
earth model, the parameter n defined in section 3 being the value of 3. The inversion 
method and artificial data prepared in sections 2 and 3 are adopted. The starting 
velocity-density model is the same as that adopted in the previous section, and the 
starting attenuation model explained in section 2 is used. The velocity-density model 
within the crust and the core is fixed as to be the same as B.G.A model. The attenua-
tion model is inverted neither in the crust nor in the core, in which intrinsic Q is taken 
as 450 and infinite, respectively. The mean wave number for  C„ is taken to be 20, 13, 
and 20 for shear wave velocity, density, and attenuation structures, respectively. The 
parameter  (1—cx)2/a2 is assumed to be the value of 9. The purpose of the present
Table 5. Layer parameters of MQ2,  G.B.A,  EQ1, and MM8  models.
Depth (km)
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numerical experiment is to check whether or not it is possible to estimate simultaneously 
attenuation structure as well as velocity-density structure only from eigenperiod data . 
   The obtained velocity-density and attenuation models are named MQ2 and EQ1 
models, respectively. Averaging kernels at several radii for the obtained models are 
illustrated in Fig. 7. Eq. (3.19) representing the relation among the averaging kernels , 
the best linear estimate din, and the small perturbation dm implies that the best linear 
estimate is an averaged value of the perturbation dm in an interval including a selected 
radius  r with the weight determined by the averaging kernels . If we have an ideal 
data set with perfect resolution ability , then the averaging kernels should be the 
delta function centered at  r Bars in Figs. 5 and 6, which are calculated from 
Eq. (3.20), represent permissible range of the solution due to the assumed observa-
tional errors. As seen in Table 1, torsional oscillation eigenepriods for the combined 
earth model of MQ2 and  EQ1 shown in the last column fit well the given data listed in 
the fourth column with RMS of 0.004%. Model MQ2 has the low velocity zone in 
the depth interval from 65 km to 270 km, however, the velocity graident in this zone 
 8   I  I  I  -
                     7  -
                 as   - 
 5  
4  -                        r 
 E3  - 
                                  - 1
              0 500 1000 1500 2000 2500 3000 
                                        DEPTH  (  km  )
       Fig. 5. Illustration of MQ2 model. Bar is permissible range due to the assumed 
             observational error.
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and  A  Q (r, r0) for velocity, 
are the radii of the earth
is smaller than that of G.B.A model and the depth of the lowest velocity shifts toward 
to the deeper depth in comparison with that of G.B.A model. This may be due to poor 
resolution ability of the data used in the present inversion because the data are made of 
eigenperiods longer than 110 sec. Table 5 and Fig. 8 show the difference between MQ2 
and G.B.A models. The absolute value of the differenece is less than 0.1  kmjsec and 
0.1  gicm3 for shear wave velocity and density except for the depth range from 38 km 
to 55 km, and therefore, MQ2 model is considered to be almost identical with G.B.A 
model, though a slight difference exists between MQ2 and G.B.A models. This is also
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supported by small residuals, which are shown by solid circle in Fig. 4 and listed in 
Table 4, of shear wave travel time for MQ2 model from that for G.B.A model. 
   Inversion result of attenuation model is illustrated by solid line in Fig. 6 
together with the starting attenuation and MM8 models shown by chained and broken 
lines. Bars represent permissible range of intrinsic Q for shear wave due to the assumed 
observational errors. It should be noted that the low Q zone is clearly found in the 
depth range from 65 km to 500 km though the starting attenuation model has not 
the zone. Therefore, it is possible to resolve the low Q zone as well as the low velocity 
zone in the upper mantle only from eigenperiod data if the simultaneous inversion is 
adopted. The agreement of  EQ1 model with MM8 model is not so good as that of MQ2 
model with  G.B.A model, however, a pattern of radial distribution of intrinsic Q for 
shear wave is similar to that of MM8 model. 
   When the radial variations of shear wave velocity, density, and Q for shear wave are 
estimated, we can calculate the torsional oscillation Q for the earth model constructed of 
MQ2 and  EQ1. The values of the oscillation Q is shown in Table 1 and illustrated by 
solid circle in Figs. 9 and 10 for fundamental and first higher modes. The
0.1 
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9. Torisional oscillation Q of fundamental modes for  EQ1 and MQ2 models, which are 
illustrated by solid cricle. Solid line shows the oscillation Q for G.B.A and MM8 models. 
Bar is permissible range of the predicted oscillation Q due to observational error.
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 Fig. 10. Torsional oscillation Q of the first higher modes. Solid cricle, solid line , and bar are 
     explained in the figure caption of Fig. 9. 
torsional oscillation Q for the obtained earth model is in very good agreement with that 
for G.B.A and MM8 models, which are illusrated by solid line in Figs. 9 and 10 and 
listed in the third column of Table 1. This suggests that the torsional oscillation Q can 
be estimated not only from the free oscillation amplitudes but also from the phase of 
the free oscillations. Table 6 lists the torsional oscillation eigeneproids and Q values of 
96 modes predicted for MQ2 and EQ1 models together with those for G.B.A and MM8 
models. The fitness of the eigenperiods and apparent Q values for MQ2 and EQ1 
models to those for G.B.A and MM8 models is very good, the residuals of eigenepriods 
being less than 0.005%, 0.009%, and 0.017% for fundamental, first and second higher 
modes, and the averaged residuals of the torsional oscillation Q being estimated to be 
1.56%, 3.62%, and 5.90% for these modes. Therefore, MQ2 and EQ1 models are 
considered to be almost identical with G.B.A and MM8 models because of agreements of 
torsional oscillation eigenperiods and Q values and of the small residuals of shear 
wave travel times. It is concluded, therefore, that it is possible to infer simultaneously 
with a sufficient accuracy the earth's structure concerning velocity-density and 
attenuation only from free oscillation eigenperiods.
6. Conclusions 
   In the presnt study, two types of numerical experiments were performed using 
artificial data set consisting of 27 torsional oscillation eigenperiods, the mass and the 
moment of inertia of an earth model constructed of G.B.A and MM8 models, which 
are shear wave velocity-density and attenuation models, respectively. The purpose of 
the first numerical experiment was to investigate the effect of shear wave dispersion due 
to anelasticity upon the velocity structure of shear wave inferred from torsional 
oscillation eigenperiods. A comparison was made for two velocity models of  MQ1 and 
 ME1, which were estimated from two sets of artificial eigenperiods with and without 
correction for the dispersion effect, respectively. A common feature in MQ1 and 
 MEl models is that the low velocity zone, which exists originally in the upper mantle of 
G.B.A model used to make the artificial data, is clearly found in the upper part of the 
mantle of both the models, though the zone does not exist in the starting velocity-density 
model. On the other hand, a significant difference between both the models is also 
seen in the low velocity zone, the velocity of MQ1 model in this zone being larger by a
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Table 6. Torsional oscillation eigenperiods and 
G.B.A and MM8 models and for that
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few percents than that of  ME1 models. Furthermore, the velocity gradient of MQ1 
model in this zone is not so large as that of  ME1 model. This  differnece comes from 
the significant effect of shear wave dispersion due to the low Q zone of MM8 model used 
for the dispersion correction. The velocity difference in the middle and lower parts of 
the mantle is not so significant because of the small dispersion effect due to small 
attenuation. It is concluded that the body wave dispersion due to anelasticity gives us 
an underestimate of body wave velocity in the upper mantle becasue of the existence 
of the low Q zone in the upper part of the mantle. 
   The objective of the second numerical experiment was to examine whether or not
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it is possible to estimate simultaneously velocity-density-attenuation structure within 
the earth  only from torsional oscillation eigenperiods. Therefore, the given artificial 
data without correction for the dispersion effect were inverted into attenuation 
structure as well as shear wave velocity-density structure. The obtained velocity-
density and attenuation models were named MQ2 and EQ1. MQ2 and EQ1 models 
have low velocity and low Q zones, though the starting velocity-density and attenua-
tion models have not. It is interesting that the low-velocity and low-Q zone can be 
resolved only from eigenperiod data if the simultaneous inversion is adopted. This is a 
contrast to separable identification of the low velocity zone from eigenperiod data and 
of the low Q zone from free oscillation Q data. The difference between MQ2 and G.B.A 
models is considered to be small becasue it is less than 0.1 km/sec and 0.1  gicm3 for 
velocity and density. This is supported by a small residual of shear wave travel time 
for MQ2 model from that for G.B.A model. On the other hand, agreement of  EQ1 
model with MM8 model is not so good as compared with that of the obtained velocity-
density model. However, the distribution pattern of intrinsic Q is similar to that of 
 MM8 model. Torsional oscillation Q and eigenperiods for MQ2 and  EQ  1 models are 
in agreement with those for G.B.A and MM8 models. The agreement of torsional 
oscillation Q for higher angular order of fundamental mode is especially good. There-
fore, it may be possible to estimate torsional oscillation Q only from eigenperiod data 
in contrast with conventional method for estimation of apparent Q values of torsional 
oscillation using the free oscillation amplitudes. The agreements of travel times of 
shear wave, torsional oscillation Q and eigenperiods for MQ2 and EQ1 models suggest 
that the obtained velocity-density and attenuation models are almost the same as 
G.B.A and MM8 models used to construct the artificial data set, though a slight 
difference exists between the obtained model and the original one. Therefore, we 
conclude further that it is possible to estimate attenuation structure as well as 
velocity-density structure by means of the simultaneous inversion of the eigenperiod 
data only. 
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